We investigate the existence and phenomenology of stable photon orbits (SPOs) in stationary axisymmetric electrovacuum spacetimes in four dimensions. First, we review the classification of equatorial circular photon orbits on Kerr-Newman spacetimes in the charge-spin plane. Second, using a Hamiltonian formulation, we show that Reissner-Nordström di-holes (a family encompassing the Majumdar-Papapetrou and Weyl-Bach special cases) admit SPOs, in a certain parameter regime that we investigate. Third, we explore the transition from order to chaos for typical SPOs bounded within a toroidal region around a di-hole, via a selection of Poincaré sections. Finally, for general axisymmetric stationary spacetimes, we show that the Einstein-Maxwell field equations allow for the existence of SPOs in electrovacuum; but not in pure vacuum. * s.dolan@sheffield.ac.uk † joshipley1@sheffield.ac.uk 1 arXiv:1605.07193v2 [gr-qc]
I. INTRODUCTION
On 14th September 2015, gravitational waves from a compact-binary coalescence were observed for the first time, in both detectors of the aLIGO experiment [1]; and another signal was confirmed later in the first observing run [2, 3] . The 'chirp' profiles of events GW150914 and GW151226 have the characteristic inspiral, merger and ringdown phases anticipated in a binary black hole merger [4, 5] .
The ringdown phase is strong evidence that the merged body possesses a 'light-ring' [6] , that is, a family of unstable photon orbits [7, 8] . Heuristically, the orbital frequencies and Lyapunov exponents of the photon orbits are linked to the frequency and decay rate of the ringdown phase [9] [10] [11] [12] [13] . A light-ring will generate as-yet-unobserved phenomena, such as multiple lensing images around black hole shadows [14] ; diffraction effects such as glories and orbiting [15] ; and a characteristic spectrum of quasinormal modes [16] .
Taken in isolation, the first detections do not rule out the possibility that the merger endproduct possesses a light-ring but not an event horizon [6] . However, in horizonless scenarios (e.g. ultra-compact boson stars [17] , gravastars [18] or wormholes [19] ), the outer unstable photon orbits are generically accompanied by inner stable photon orbits [20] . Stable photon orbits (SPOs) are associated with distinct phenomenological features, such as (i) trapping and storage of electromagnetic energy in bound regions, allowing various instabilities to flourish (e.g. fragmentation and collapse [20] , and/or an ergoregion instability [21, 22] ); (ii) slow logarithmic decay of perturbations with time [23] , dominating over power-law (Price) decay [24] ; (iii) distinctive chaotic features in black hole shadows [25, 26] ; (iv) internal reflection, and thus a modified late-time ringdown [6] . The latter possibility will surely be tested and constrained by future gravitational-wave detections.
Are SPOs relevant only in exotic horizonless scenarios? No. Several strands of evidence hint at a wider role. It has been known for decades that SPOs exist, in principle, inside the inner horizons of Kerr-Newman black holes and around naked singularities [27] [28] [29] [30] [31] [32] [33] [34] ; and around black holes or solitons with a cosmological constant [35, 36] . Recently, SPOs have been revealed in the exterior regions of, first, higher-dimensional black rings [37] and black holes [38] , second, Majumdar-Papapetrou di-holes in four dimensions [25] (see also [39] ). As these di-holes may be viewed as static, axisymmetric toy models for binary black hole systems, the possibility of SPOs arising in nature cannot be hastily dismissed.
Here we explore SPOs in stationary axisymmetric spacetimes in the four-dimensional electrovacuum context. The article comes in four parts: Sec. II A, a review of the classification of equatorial circular photon orbits in Kerr-Newman spacetimes; Sec. II B, highlighting the existence of SPOs in static di-hole systems; Sec. II C, exploring the structure of SPOs through their Poincaré sections; and Sec. II D, a key result on the existence of SPOs under the rather general assumptions of stationarity, axisymmetry and electrovacuum. We conclude in Sec. III with a discussion of physical implications.
II. STABLE PHOTON ORBITS A. Equatorial circular photon orbits in Kerr-Newman spacetimes
Black hole uniqueness theorems [40, 41] support the conjecture that the final product of gravitational collapse in asymptotically flat electrovacuum is a Kerr-Newman (KN) black hole, described by just three parameters: mass M , charge ratio q = Q/M and spin ratio a = J/M 2 . The KN family may be extended beyond the black hole case to include naked singularities with a 2 + q 2 > 1. The geodesic equations in KN spacetimes are separable, thanks to the existence of the Carter constant [42] . The problem of classifying the equatorial circular photon orbits (ECPOs) of non-zero energy reduces to classifying the repeated roots of a certain quartic, R(u) = 1 − (b 2 − a 2 )u 2 + (a − b) 2 (2u 3 − q 2 u 4 ), where u = M/r and b = p φ /(−p t M ) is the impact parameter. A circular orbit satisfies R = 0 = R ; the orbit is stable if R < 0. Values of b leading to repeated roots of R may be found by solving ∆ u (R) = 0 for b, where ∆ u denotes the discriminant. Phase boundaries in the (q 2 , a 2 )-plane are found by setting 'the discriminant of the discriminant' to zero; remarkably, this expression factorizes as follows:
(1) Figure 1 shows the Balek-Bičák-Stuchlík [30] phase diagram for ECPOs in the chargeversus-spin plane. Stable ECPOs exist within the inner horizon r h− in the black hole regime (a 2 + q 2 < 1, r h± = M (1 ± 1 − a 2 − q 2 )) in region II, on (or inside) extremal horizons for a < 1/2 (a > 1/2), and around naked singularities in regions III, IV and V I.
B. Stable photon orbits of di-holes: existence
Geodesic equations and Hamiltonian formalism
The exterior of a stationary axisymmetric spacetime in electrovacuum is described in Weyl-Lewis-Papapetrou coordinates [43] {t, ρ, z, φ} by the line element
where f , γ and w are functions of ρ and z only. Its geodesics x µ (λ) are the integral curves of Hamilton's equations, with H(x µ , p µ ) = , λ is an affine parameter, and H, p φ and p t are constants of motion. In the null case, H = 0, one may set p t = −1 without loss of generality, by availing of the affine-rescaling freedom (λ → αλ). Null geodesics are invariant under a conformal transformation of the metric, g µν → Ω
2 (x)g µν , and so one may recast the Hamiltonian in the following canonical 2D form,
Null orbits of constant ρ, z arise where U = 0 = ∇U, with ∇ ≡ ( [30] ; also Fig. 6 in [29] and Fig. 4 in [31] ). All orbits are unstable except where noted to the contrary. Region I: two exterior (r > r h+ ) orbits. II: two interior (0 < r < r h− ) and two exterior orbits; the innermost orbit is stable. III & IV : two orbits; the inner orbit is stable. V : no orbits. V I & V II: four orbits; the inner pair are stable. Cases III and V I admit a counter-rotating orbit; IV and V II do not. For a 2 = 0, 0 ≤ q < 1 (Reissner-Nordström & Schwarzschild), one exterior orbit. For a 2 = 0, 1 < q 2 < 9/8, two orbits, the inner one is stable. For q 2 = 0, 0 < a 2 < 1 (Kerr) there are two exterior and one interior orbits for 0 < a 2 < 1. In the extremal case a 2 + q 2 = 1 there are three orbits: for 0 < a < 1/2 one stable horizon orbit (r = M ) and two exterior orbits; for 1/2 < a < 1 one stable interior orbit (r < M ), one horizon orbit, and one exterior orbit [33, 34] . At a = 1/2, q = √ 3/2, where regions I, II, III and V I meet, there is a marginally stable (R = 0) horizon orbit and one exterior orbit at r = 3M .
Tr H(U) > 0, where H(U) denotes the Hessian matrix for U(ρ, z). More generally, photon orbits will be kinematically trapped wherever there exists a closed contour U = 0 enclosing a region in which U is negative on some open set. The potential can be factorized into U = − e 2γ 2ρ 2 (h + − p φ )(h − + p φ ), where
Thus, it is sufficient to seek closed contours h + = p φ or h − = −p φ . As p φ may take any positive or negative value, closed contours U = 0 -and thus stable photon orbits -exist in the vicinity of any local maximum of h ± . (In the static case, w = 0 and we write h ≡ h ± ).
Majumdar-Papapetrou di-holes
A Majumdar-Papapetrou (MP) [44, 45] di-hole comprises a pair of extremally charged Reissner-Nordström black holes in static equilibrium [46] . The spacetime geometry is de-scribed by (2) with γ = w = 0 and f −1/2 = 1 + M + /r + + M − /r − , where M ± = (1 ± η)M 0 /2, r ± = ρ 2 + (z − z ± ) 2 , z ± = ±M ∓ d/(M + + M − ), where d is the coordinate separation of the event horizons [47] , η parameterizes the mass ratio, and M 0 is the total mass.
The equal-mass MP di-hole system (η = 0, M ≡ M ± ) possesses SPOs for black hole separations in the range 16/27 ≤ d/M ≤ 32/27 [25] . In this regime, h possesses four stationary points: a local maximum at ρ = ρ (1) , z = 0, h = p (1) φ ; a saddle at ρ = ρ (2) > ρ (1) , z = 0, h = p (2) φ < p
(1) φ , and a pair of saddles above and below the plane at ρ = ρ (3) < ρ (1) , z = ±z (3) , h = p (3) φ < p
(1) φ . For d > M , we have p (2) φ > p (3) φ and thus rays with p φ between p (2) φ and p (3) φ may connect to infinity but not to the black holes; for d < M , the order swaps, p (3) φ > p (2) φ , and so the converse holds. In the special case d = M we have p (1 + √ 5) is the Golden Ratio (see Appendix B in Ref. [25] ). Figure 2 illustrates the kinematically bound regions for SPOs in the d < M , d = M and d > M cases. It also shows an unequal-mass case, with four contours, in which the SPO region is dragged towards the more massive partner. Increasing the mass ratio has the effect of diminishing the SPO existence regions, as shown in Fig. 3 . Beyond η 0.13, SPOs do not exist.
Reissner-Nordström di-holes
The N = 2 Bretón-Manko-Aguilar class of electrostatic solutions [49] [50] [51] [52] [53] is spanned by five parameters: two masses M ± , two charges Q ± and the separation of centres d. We focus on the Reissner-Nordström di-hole sub-class, in which both bodies are black holes (Q ± ≤ M ± ); this sub-class includes the MP di-holes (M ± = Q ± ) and Weyl-Bach [54] diholes (Q ± = 0) as special cases. With the exception of the MP cases, the charged black holes are held in equilibrium by a 'Weyl strut' [54] , and their horizons appear as 'rods' of coordinate length 2 M 2 ± − Q 2 ± on the symmetry axis, in coordinate system (2) . We examined a two-parameter sub-family: the equal-mass, equal-charge black holes with q = Q ± /M ± and M ± = M , held in equilibrium by a Weyl strut imparting a force [52, 53] where σ = 1 − q 2 . The coordinate distance between the horizons is d − 2σM . Using a numerical root finder, we find that SPOs can exist all the way up to, but not including, the uncharged (Weyl-Bach [54] ) limit. The existence region for SPOs is shown in Fig. 3 , together with analytic values for the MP and Weyl-Bach cases.
C. Stable photon orbits of di-holes: geodesic structure
The 2D Hamiltonian system (3) is non-integrable, in general, and thus SPOs may possess rich structure. We introduce a dimensionless parameter µ via p φ (µ) = µp
where p * φ = max(p (2) φ , p
φ ), noting that kinematically bounded SPOs exist in the range 0 < µ < 1. In the limiting regime µ → 1 − , the bound region is a small ellipse in the (ρ, z)-plane, with U of Eq. (3) resembling the potential of an anisotropic harmonic oscillator. We note that U ,zz > U ,ρρ for d > M , and the converse for d < M . Generically, SPOs for µ → 1 − will describe precessing ellipses in a small elliptical region of the (ρ, z)-plane. However, even in this regime, secular effects from higher-order corrections to U cannot be neglected if the frequencies are commensurate ( U ,ρρ /U ,zz ≈ n 1 /n 2 , where n 1 and n 2 are small positive 
FIG. 3. Existence regions for stable photon orbits around Reissner-Nordström di-holes.
Left: Majumdar-Papapetrou di-hole (Q ± = M ± ) with mass ratio η and (dimensionless) coordinate separationd = 2d/(M + + M − ). Right: Equal-mass RN black holes with equal charge-to-mass ratios q = Q ± /M ± held in static equilibrium by a Weyl strut (see text). The vertices shown are at (0, 16/27), (0, 32/27) [25, 39] , and (1, 2/ϕ) [48] .
integers). In particular, the 'isotropic' case d = M (with U ,ρρ = U ,zz in the limit µ → 1 − ) exhibits a 1:1 resonance, and deserves some special consideration. Figure 4 shows a selection of Poincaré sections for SPOs kinematically bounded in a toroidal region around the d = M MP di-hole. For µ = 0.75, a separatrix (a) connects three saddle points and divides between 'libration' (b) and 'rotation' (c); in either region there exist high-order resonances (box orbits), such as (d). Chaos is confined to very narrow bands in this section. For µ = 0.4, the separatrix has degenerated into a chaotic band, and stable (e) and unstable (f) KAM tori are manifest around resonances [55] . As µ is decreased, further lower-order resonances branch off from 1:1 resonances [(b) and (c)], and the chaotic regions grow. For µ = 0, chaos is dominant. Interestingly, SPOs can persist even into the kinematically unbound regime, µ < 0; Fig. 4 shows examples of libration-and rotation-type SPOs for µ = −0.1.
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D. Stable photon orbits in stationary axisymmetric electrovacuum
Now consider a general stationary axisymmetric geometry described by (2) . The bounded regions for null geodesics may be determined from h ± (ρ, z), defined in Eq. (4). As shown in Appendix A, one may employ the electrovacuum field equations to classify the stationary points of h ± . Our key result is the following: at a stationary point where either ∇h + = 0 or ∇h − = 0, the second derivatives of the corresponding function h ± satisfy
where A t and A φ are components of the electromagnetic four-potential, and W 2 ± = W ± ·W ± . In the vacuum case (∇A t = 0 = ∇A φ ), the right-hand side of Eq. (6) 
